We study the angle between i) the standard jet axis, ii) the axis of a jet which has been groomed using soft drop, with reduced sensitivity to soft radiation, iii) the jet axis obtained with the winner-take-all recombination scheme, which is insensitive to soft radiation at leading power. We calculate the distributions for these angles at nextto-leading logarithmic accuracy, including non-global logarithms. The angle between the standard and groomed jet axis directly probes soft wide-angle radiation, leading to a novel factorization formula. This angle is also very sensitive to nonperturbative physics, which is directly connected to nonperturbative contribution to the rapidity anomalous dimension for transverse momentum distributions. Comparing our predictions to Pythia we find good agreement, and we foresee applications to jet substructure in proton-proton and heavy ion collisions.
1 Introduction
Jet substructure techniques have become important tools at the Large Hadron Collider (LHC) to study the properties of Quantum Chromodynamics (QCD) and extract the strong coupling α s , search for physics Beyond the Standard Model, and probe the quark-gluon plasma (QGP) in heavy-ion collisions. Both experimental and theoretical advancements have been crucial to enable precise comparisons between first principles calculations in QCD and LHC data. For recent reviews of jet substructure techniques and their applications, see refs. [1, 2] . Figure 1 . The various jet axes: The standard jet axis (black) is along the total momentum of the collinear (blue) and soft (orange) radiation. For the groomed jet axis (green) groomed away soft radiation (gray) is not included. The winner-take-all axis (blue) is insensitive to soft radiation.
In this paper we study three different jet axes, with varying degrees of sensitivity to soft radiation, which we now introduce: We start from an inclusive sample of jets, obtained by using the anti-k T algorithm [3] with jet radius parameter R = 0.8, and refer to the resulting jet axis as the standard (ST) jet axis. Only jets with rapidity |η| < 2 are considered, and results for several bins in the jet transverse momentum p T will be reported. Applying soft drop [4] with z cut = 0.1 and several values for β to remove soft radiation, the axis of the resulting groomed jet will be called the groomed (GR) jet axis. Finally, we recluster the original jet using the winner-take-all (WTA) recombination scheme [5, 6] , for which the effect of soft radiation is power suppressed, yielding the WTA axis. To ensure that all radiation is inside the jet (i.e. that the jet algorithm returns a single jet) the jet radius is increased. These various axes are pictured in fig. 1 , where the offset between the ST (black) and GR (green) axis is due to groomed away radiation (gray). The WTA axis (blue) clearly tracks the energetic collinear (blue) radiation.
We will consider the distance θ = ∆η 2 + ∆φ 2 in pseudorapidity η and azimuthal angle φ between these axes, denoted with θ ST,GR , θ ST,WTA and θ GR,WTA , respectively. This distance is boost invariant and for a jet at zero rapidity, i.e. perpendicular to the beam axis, θ is equal to the angle between these axes (in the small angle limit, which we focus on). We therefore refer to this as an angle. These angles characterize the different sensitivity to soft radiation of these axes. In our calculations it will be convenient to express θ as a vector k ⊥ transverse to the jet axis, with θ = | k ⊥ |/p T , since vectors can easily be added. To simplify the notation, we will omit the vector symbol when referring to the norm of a vector, i.e. k ⊥ ≡ | k ⊥ |.
Given this identification between angles and transverse momenta, it should come as no surprise that all three angles between the jet axes considered here involve some form of transverse momentum resummation [7] [8] [9] [10] [11] [12] . As such, it provides another window into the physics of transverse momentum dependent fragmentation functions and parton distribution functions, focusing on the bulk distribution of transverse momentum within jets relative to energetic collections of particles within the jet, not the energy spectrum of the underlying individual particles, similar to refs. [13] [14] [15] [16] [17] [18] [19] [20] .
We derive the factorization in the small-θ limit within Soft Collinear Effective Theory (SCET) [21] [22] [23] [24] [25] and carry out the resummation at next-to-leading logarithmic (NLL or NLL 1 .) accuracy, including the contribution of non-global logarithms [35] in the leadingcolor approximation. In order to derive the factorization structure for the angle between the standard and groomed jet axis θ ST,GR , we need to simultaneously consider the soft drop groomed jet radius R g [4, 36] . We perform the joint resummation of logarithms of the transverse momentum and the soft drop groomed jet radius R g , and afterwards integrate over R g .
There are several potential applications of the observables introduced in this work: First of all, by comparing parton shower event generators to our perturbative calculations and to data from the LHC, models of nonperturbative physics can be constrained, similar to e.g. refs. [37, 38] where jet substructure results were used to constrain the hadronization and underlying event contribution. This is particularly true for the angle between the standard and groomed jet axis, which is very sensitive to nonperturbative physics as it measures the soft radiation which fails the soft drop criterion. Interestingly, for the observables considered here the (leading) nonperturbative component is relatively well understood as it is related to the nonperturbative part of the rapidity anomalous dimension in transverse momentum resummation. Indeed, various extractions are available in the literature [39] [40] [41] [42] , and it was recently proposed that this evolution kernel can also be extracted from lattice QCD [43] . Moreover, we expect that the observables considered here will have important applications in heavy-ion collisions where jets are used as probes of the created hot and dense QCD medium [44] . For example, the measurement of the angle between the groomed and WTA axis provides a handle on the soft radiation contained in identified jets in the large background produced in heavy-ion collisions. Since the different jet axes considered in this work exhibit a very different sensitivity to soft physics, these observables are ideally suited to quantitatively explore the effects of parton energy loss and jet broadening.
The remainder of this paper is organized as follows. In sec. 2, we introduce the different factorization and resummation formulae in physical terms, which are necessary for the calculation of the angles between the three jet axes. We present all relevant expressions and technical details for the three cases in sec. 3 to sec. 5. In sec. 6, we discuss different aspects of the implementation in impact parameter space and describe our nonperturbative model (which we take from transverse momentum resummation). Numerical results for LHC kinematics are presented in sec. 7, and in sec. 8 we draw conclusions and present an outlook.
Factorization and resummation of angles between axes
In this section we describe in physical terms the structure of the cross sections that encode the angles between the different jet axes described in the Introduction. The necessary factorization and resummation techniques are introduced but technical details and expressions of the various functions that appear in these factorization formulae are relegated to subsequent sections.
Jet production
As a first step, common to the calculation of all these angles, we factorize the hard scattering from the jet production, by working in the narrow jet approximation, R 1.
In several examples it has been observed that the O(R 2 ) power corrections to this limit are still small for values of R up to 0.7 [45, 46] . The cross section differential in jet transverse momentum p T , (pseudo)rapidity η, and k ⊥ (describing the angle between axes) is given by dσ dη dp T 
Here, the parton distribution functions (PDFs) f i,j describe extracting a parton with flavor i, j and momentum fraction x i,j from a colliding proton. The hard function H k ij [45, 47, 48] encodes the hard scattering of the incoming partons i and j, and the distribution of the resulting partons with flavor k, rapidity η and transverse momentum p T /z. The jet function G k describes collinear final-state radiation, i.e. how parton k (inclusively) produces jets, with transverse momentum z × p T /z = p T , as well as the angle between the axes of the jet, encoded in k ⊥ . We will indicate which axes we are considering by including the appropriate superscript on the cross section σ and the jet function G k .
In the rest of this paper we will focus on the jet, and therefore denote the parton that initiates it with i, rather than k. We note that eq. (2.1) is simply a more differential version of the factorization for inclusive jet production [49] [50] [51] , since integrating our jet function over k ⊥ yields the semi-inclusive jet function J i of ref. [50] d 2 k ⊥ G i (z, k ⊥ , p T R, µ) = J i (z, p T R, µ) .
(2.2)
We will exploit this similarity to write Figure 2 . Lund diagrams for the angle between the standard and the WTA axis (left) and the groomed and the WTA axis (right). The modes that appear in the factorization for these two observables are indicated with red dots, whose parametric scaling can be read off from this diagram.
Note that this is not a factorization of physics at different scales and requires keeping track of the jet flavor j. As indicated, the new jet functionG only depends on µ through the strong coupling.
The natural scales of the ingredients in eq. (2.1) are the same as for inclusive jet production 5) and the resummation of logarithms of R = µ G /µ H is achieved by using the DGLAP [52-54] equation
to evolve the jet function G from the jet scale µ G to the hard scale µ H . The splitting functions P ji are at one-loop order given in eq. (A.1). If k ⊥ ∼ p T R, there are no additional logarithms to resum as G involves a single scale. In this case one simply has to calculate ∆G for the angle between each pair of axes. However, these distributions are in fact dominated by k ⊥ p T R, in which case G contains two hierarchical scales and needs to be factorized. We will outline this below for each of the angles, relegating much of the details to subsequent sections.
Angle between the standard and WTA axis
We start with a leading logarithmic (LL) analysis of the angle between the standard and WTA axes using the Lund diagram [55] shown in the left panel of fig. 2 . The horizontal axis corresponds to the angle θ and the vertical axis to the momentum fraction z of emissions in the jet. By using the indicated logarithmic coordinates, emissions have a uniform emission Mode: Table 1 . For the angle between the ST and WTA axis, the modes that enter in the factorization of the jet function G are listed above.
probability at LL accuracy, allowing one to directly determine the Sudakov factor from the area of the region where emissions are not allowed. In this LL picture the WTA axis is along the single hard parton in the jet, and the offset of the ST axis is due to the transverse momentum k ⊥ of the dominant emission. Thus cutting on the transverse momentum k ⊥ < k c ⊥ prohibits emissions in the red region. This leads to the following expression for the jet functionG that describes the angle between the standard and WTA axes,G
This is differential in k ⊥ , and the color factor
Extending this analysis beyond LL using SCET, the corners of this region correspond to the degrees of freedom (or modes) in SCET, as encoded in the factorization ofG in the limit k ⊥ p T R:
The WTA axis is only sensitive to collinear radiation inside the jet, and the argument k ⊥ of the collinear function C i simply encodes the angle of the WTA axis with respect to the initial collinear parton. The ST axis is along the total jet momentum, so the collinear and soft radiation inside the jet must balance each other, k ⊥,c + k ⊥,s = 0 (see e.g. fig. 2 of ref. [16] ). Consequently, the offset of the initial collinear parton with respect to the standard axis is given by k ⊥,s , which is the argument of the soft function, and k ⊥ = k ⊥ + k ⊥,s . Because only soft radiation inside the jet contributes to k ⊥,s , and radiation outside the jet is completely unconstrained, non-global logarithms [35] appear. The function S NG i encodes the leading non-global logarithms, which in the small R limit are the same as for the hemisphere soft function in e + e − [56] . This is the reason why eq. (2.8) is limited to NLL accuracy. The hard functionH i in eq. (2.8) describes collinear radiation with energies p T at angles of order R. Such emissions are not allowed inside the jet, since they would displace the WTA axis but not the ST axis, leading to k ⊥ ∼ p T R. Following eq. (2.4), we have removed the contribution from jet production, i.e. this is the factorization forG not G.
Mode: Table 2 . For the angle between the GR and WTA axis, the modes that enter in the factorization of the jet function G when k ⊥ z cut p T R are listed above.
The power counting of the modes that underpin the factorization in eq. (2.8) are summarized in table 1, in terms of light-cone coordinates
where n µ = (1, 0, 0, 1) is along the jet axis,n µ = (1, 0, 0, −1), and p µ ⊥ denotes the transverse components. The corresponding scales are 2
where µ corresponds to invariant mass scales and ν to rapidity scales. By evaluating each of the ingredients at their natural scale and evolving them to a common one using the RG equations
we resum the global logarithms of k ⊥ /(p T R). The anomalous dimensions are collected in app. A.
Angle between the groomed and WTA axis
We start by briefly reviewing the soft drop grooming procedure [4] . First, the identified jets are reclustered with the Cambridge/Aachen (C/A) algorithm [58, 59] . The C/A clustering metric only depends on the geometric distance between particles in the η-φ plane and yields a jet with an angular ordered clustering tree. Second, the obtained jets are declustered recursively where at each step of the declustering procedure, the soft drop criterion is checked
Soft branches that fail this criterion are removed from the jet. Here, the p T,i denote the transverse momenta of the two branches and ∆R 12 denotes their geometric distance in the η-φ plane. The soft threshold parameter z cut and the angular exponent β are free parameters that determine how aggressively the grooming algorithm removes soft radiation from the jet. For β = 0, the soft drop criterion reduces to the modified mass drop tagger (mMDT) of ref. [60] . The groomed radius R g = ∆R 12 is determined by the geometric distance between the two branches that satisfy the soft drop criterion, after which the soft drop procedure terminates. See refs. [61] [62] [63] [64] [65] [66] [67] for experimental measurements of groomed jet substructure observables. Related recent theoretical calculations of groomed jet substructure observables can be found in refs. [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] .
For the angle between the groomed and WTA axis, we will again start with a LL analysis, using the Lund planes shown in fig. 2 . Soft drop removes wide-angle soft radiation in a jet, so the dominant emission that sets k ⊥ must now pass the soft-drop grooming condition, z > z cut (θ/R) β , shown in the right panel. This leads tõ
Note that if k ⊥ > z cut p T R the soft-drop grooming condition is always satisfied and the Lund diagram is in fact the same as for the ungroomed case, shown in the left panel of fig. 2 . Extending our analysis beyond LL accuracy, if k ⊥ z cut p T R, the transverse momentum of the radiation that is removed by grooming is negligible compared to the measured k ⊥ , and the formula for the cross section is the same as in eq. (2.8). We will therefore focus on the case k ⊥ z cut p T R, and interpolate between these regimes in our numerical results 3 . The modes in SCET correspond to the red dots at the corners of the blue region in the Lund plane and are summarized in table 2. The factorization formula forG is given bỹ
. 3 One could also separately consider the regime k ⊥ ∼ zcutpT R, constraining this interpolation.
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The hard and collinear radiation are unaffected by the grooming and the corresponding functions are thus the same as in eq. (2.8). The collinear-soft function S i describes the contribution from collinear-soft radiation that passes the grooming condition to the angle between the jet axes. The soft function S / ∈gr i encodes the wide-angle soft radiation, which is always groomed away, and therefore does not affect the shape of the k ⊥ distribution but only the total rate. In this case non-global logarithms arise because the hard mode and soft mode have the same angular scale, but the soft radiation inside the jet must be much less energetic in order to fail the grooming condition. Fortunately, the leading NGLs are again described by the same function as in eq. (2.8), but now with z cut as argument.
By evaluating each function in eq. (2.14) at its natural scale 15) and evolving them to a common µ and ν scale, the global logarithms of k ⊥ /(p T R) and z cut are resummed. The renormalization group equations are partially the same as in eq. (2.11), except for:
Angle between the standard and groomed axis
The factorization structure for the angle between the standard and groomed jet axis is rather different. Since collinear radiation is never groomed away, this observable is highly sensitive to soft radiation, similar to collinear drop [83] . The effect of grooming is power suppressed when k ⊥ z cut p T R, so the cross section is power suppressed in this region. We therefore focus on the opposite limit k ⊥ z cut p T R, smoothly matching the cross section to 0 when crossing k ⊥ ∼ z cut p T R. It turns out that we must consider the cross section differential in k ⊥ and the groomed jet radius R g , since there are two different cases that need to be considered, and then integrate the combined resummed result over R g . It is convenient to work in terms of θ g ≡ R g /R.
The Lund planes for the LL analysis are shown in fig. 3 and will now be discussed. We start by considering the measurement of the groomed jet radius. The cross section with a cut θ g < θ c g prohibits emissions in the red region with z > z cut (θ/R) β and θ/R > θ c g [4] . Ref. [36] extends this analysis to NLL using SCET, exploiting that for the cumulative distribution in θ c g one can separately impose θ/R < θ c g on the collinear and collinear-soft radiation (analogous to the factorization of the measurement in jet veto resummation). If in addition one requires k ⊥ < k c ⊥ , emissions with z < z cut (θ/R) β and θ/R > θ g (not θ c g ) are groomed away by soft drop and thus forbidden for k ⊥ = zθp T > k c ⊥ , corresponding to 
Mode:
Regime Table 3 . The modes that enter in the factorization of G for the angle between the standard and groomed jet axis, when k ⊥ z cut p T R. Regime A (B) correspond to R g smaller (larger) than [k ⊥ R β /(z cut p T )] 1/(1+β) . the blue regions in fig. 3 . There are now two cases depending on whether θ g is smaller or larger than [k c ⊥ /(z cut p T R)] 1/(1+β) , which we will refer to as regime A and B. 4 The Lund diagrams for these regimes are displayed in the left and right panel of fig. 3 , and the power counting of the momenta corresponding to the modes is summarized in table 3.
The situation is the simplest for regime A, since the blue region is insensitive to the precise value of θ g , i.e. the resummation of θ g and k ⊥ are independent of each other. At LL accuracy, we simply calculate the sum of the area of the red and blue regions to obtaiñ
This can be extended beyond LL, using the factorization formula for the jet functionG differential in θ g ,
For this angle we restrict ourselves to NLL accuracy, which is why the power corrections to the factorization formula have been omitted. The collinear function C ∈gr i describes collinear radiation, which is never groomed away. It can provide the emission that sets θ g , and any other collinear emissions must be at smaller angles. Similarly, for the collinear-soft G mode, emissions must satisfy θ/R < θ c g if they pass the soft drop condition, as described by the collinear-soft function S G,i . Wide-angle soft radiation is always groomed away, and its total transverse momentum is described by the same soft function S G i that we encountered before. Finally, S X,i describes collinear-soft X emissions, which only contribute to the transverse momentum if they fail the soft drop condition. There are also non-global logarithms and clustering logarithms associated with the collinear function C i and collinear-soft function S G,i . The non-global logarithms from correlated hard and soft emissions are the same as for the standard vs. WTA axis and described by S G i . These are the same as in the resummation of θ g and described by S NG+AC i [36] . The renormalization group equations for the new ingredients in eq. (2.18) are given by
We wrote θ c g to explicitly indicate that the functions are cumulative distributions, i.e. integrated over θ g up to θ c g . The natural scales of these modes are
(2.20)
For regime B we find it clarifying to work differentially in θ g . In the LL analysis there must a single emission that sets θ g , i.e. θ/R = θ g and z > z cut θ β g . Any other emissions must be outside the colored area, leading tõ
In the SCET analysis there are the four modes corresponding to the outer corners of the colored region, as one might anticipate. However, the emission that sets θ g (and only this emission) is sensitive to the soft drop condition, which is why there is also a collinearsoft G mode contribution in this case. This leads to unusual behavior: the corresponding collinear-soft function only contributes if it has a single emission that sets θ g . In particular, if it has (independent) emissions that do not set θ g , these emissions only have the constraint θ/R < θ g , resulting in scaleless integrals. The factorization formula in SCET forG is given byG
The two terms in the square brackets correspond to the collinear mode setting θ g (when the derivative acts on C ∈gr i ) or the collinear-soft G mode setting θ g . While the collinear-soft G mode has the same power counting as in regime A, the function is very different. This is also reflected in the unusual nature of the renormalization group equation of S G,i , 5
which follows from consistency of the factorization theorem and agrees with a direct calculation at order α s . The terms in the square brackets of eq. (2.22) can be interpreted as a matching coefficient where we integrated out modes at the scales θ g p T R and z cut θ 1+β g p T R. Its running down to the k ⊥ scale will generate non-global logarithms which we conjecture is also described by the function S NG+AC i of ref. [36] , but with the different argument k ⊥ /(θ g p T R). These NGLs require further study and are not included in our numerical analysis. The function S K,i describes the contribution to k ⊥ from collinear-soft K emissions that are groomed away, which for this mode simply means θ/R > θ g . It's renormalization group equation is given by
The natural scales for the modes in this regime are
3 Standard vs. winner-take-all axis
In this section we provide further details describing our calculation of the angle between the standard and winner-take-all axis. In sec. 3.1 we discuss the calculation of jet functioñ G ST,WTA when k ⊥ ∼ p T R, and the resummation of jet radius logarithms. In sec. 3.2 we consider k ⊥ p T R, presenting the ingredients that enter the refactorization ofG and checking the singular/nonsingular decomposition. Details on our numerical implementation are give in sec. 6, with anomalous dimensions relegated to app. A.
Jet function for k ⊥ ∼ p T R
We are working in the collinear limit R 1 and can therefore use the collinear phase-space and squared matrix element [84] ,
to calculate the jet function for the angle between the standard and winner-take-all axis
The final term in this expression subtracts off the semi-inclusive jet function, see eq. (2.3).
where the color factor C i = C A (C F ) for i = g (q). The leading NGLs in the large N c approximation are taken from the solution to the BMS equation [28] up to five-loop order [87] S NG q ( L) = 1 − π 2 24 L 2 + ζ 3 12 L 3 + π 4 34560 L 4 + − π 2 ζ 3 360 + 17ζ 5 480
The argument of this S NG i is in impact parameter space given by
While eq. (3.8) technically does not resum the NGLs, we have checked that the effect beyond the cubic term on our numerical results is less than a percent. The only new ingredient is the collinear function, whose calculation is very similar to eq. (3.2), except that we can drop the restriction that the two particles are inside the jet since this is automatically the case for k ⊥ p T R. Explicitly,
where we use a rapidity regulator η with associated scale ν [12, 88] . This leads to Alternatively, since at this order there are at most two partons and the WTA is along the most energetic one, we can extract this collinear function from the TMD fragmentation function. In impact parameter b ⊥ space, using the conventions of ref. [86] , this relationship is given by
See also [89] . We conclude this section by verifying the validity of the refactorization in eq. (2.8) in fig. 4 , by plotting the jet function ∆G, the singular expression obtained from the right-hand side and their nonsingular difference. We have converted the transverse momentum to an angle, including the appropriate Jacobian d 2 k ⊥ = 2πθp 2 T dθ, and taken µ = p T R, which only affects the scale in α s . The nonsingular indeed vanishes for small angles. In fact, the refactorization seems to hold over most of the range, i.e. θ = k ⊥ /p T 0.4R. We numerically test the size of the power corrections to the refactorization in eq. (2.14), by plotting the jet function ∆G, the singular expression obtained from the right-hand side and their nonsingular difference. As in fig. 4 , we show the distribution differential in θ and take µ = p T R. The nonsingular encodes the size of power corrections and is very small at small angles. There is a transition at θ = z cut R, since for larger angles there is no effect of grooming, and the plot coincides with that in fig. 4 . Since this transition is still in the resummation region, this does not imply that there is no effect of grooming for larger angles in the resummed cross section.
Standard vs. groomed jet axis
We present results for the jet function G ST,GR at fixed order, in the kinematic regime where k ⊥ ∼ z cut p T R ∼ p T R, in sec. 5.1. The ingredients entering its refactorization are given in sec. 5.2.
Jet function for k ⊥ ∼ p T R
The measurement for the jet function differential in the groomed radius θ g and the angle between the standard and groomed jet axis, encoded in k ⊥ , is given by ∆G ST,GR i k ⊥ , p T R, z cut , β, θ g , α s (µ) = dΦ 2 σ c 2,i Θ(θ < R)
It is related to the unmeasured jet function of ref. [90] . Next, we consider the collinear-soft functions. S G,i also appeared in the factorization of the soft drop groomed jet radius, and is given by [36] S G,i z cut θ 1+β g p T R, β, µ = 1 + α s C i π(1 + β) − ln 2 µ z cut θ 1+β g p T R + π 2 24 (5.5)
The collinear-soft function S X,i is sensitive to k ⊥ and the soft drop grooming condition, and is up to one-loop order given by S X,i (k ⊥ , p T R, z cut , β, µ, ν/p T ) = 1 π δ(k 2 ⊥ ) + α s C i π 2 β 2(1 + β)
. (5.6)
Note that the O(α s ) term here is the same as the collinear-soft function S G i in eq. (4.6), but with opposite sign.
In regime B, the S G,i is in fact simply the derivative of S G,i with respect to θ g . The only additional result needed is the collinear-soft S K,i , which is differential both in k ⊥ and θ g . A one-loop calculation yields, 7
Similar to the other angles considered above, we finish this section by comparing the singular and nonsingular terms at order α s , as shown in fig. 6 . Specifically, we compare the singular terms to the full fixed order expression for both quark (left) and gluon jets (right). Here we merged the contributions from regime A and B and integrate out the R g dependence. We observe that the singular terms dominate over the entire range of θ.
Numerical implementation
In this section we present details of the numerical implementation relevant for the results presented below. We start by describing how the resummation of k ⊥ /(p T R) is carried out and matched to fixed order in sec. 6.1. In addition, we discuss scale choices and how we obtain perturbative QCD scale uncertainties for each angle. A discussion of nonperturbative effects can be found in sec. 6.2.
Resummation, matching and uncertainties
The refactorization formulas in secs. 2.2, 2.3 and 2.4 are written in terms of convolutions in k ⊥ since the individual contributions to the transverse momentum from each mode are Figure 6 . Testing the refactorization of the jet function ∆G ST,GR where we include both regions A and B, see eqs. 2.18 and eq. (2.22) at O(α s ). We show the full fixed order result (solid red), the singular distributions (dashed blue) and the difference between the two which corresponds to the nonsingular pieces (dotted green) is the difference. The left (right) panel corresponds to quark (gluon) jets. added up vectorially. By going to impact parameter b ⊥ space, these equations become multiplicative which thus avoids the convolution structure and makes the implementation more straightforward. The same reasoning applies to the RG evolution equations, for which the convolution integrals also become multiplicative in b ⊥ space. We then implement the b ⊥ space version of the formulas in sec. 2 and carry out the resummation, after which we perform a numerical inverse Fourier transform to obtain or predictions for the angle in k ⊥ space in the resummation region. We note that the natural scales of the different functions in b ⊥ space can be obtained from eqs. Instead of using profile scales to merge the resummation of k ⊥ /(p T R) with the fixed order (FO) calculations forG, we perform the matching by directly interpolating between the two resultsG match = g(θ)G FO + [1 − g(θ)]G resum .
(6.1)
The function g is 0 in the resumation region, 1 in the fixed order region and it smoothly interpolates between both regimes. For our numerical implementation we choose the following double quadratic function
The choice of the transition points x 1 and x 3 depends on the angle we consider. For each angle, we determine the transition point between the resummation and fixed order region by comparing the singular and nonsingular terms at fixed order as shown in figs. 4, 5 and 6.
For the angle between the standard and WTA jet axes, we conclude from the the left panel of fig. 4 that the refactorization of the cross section is valid until θ ∼ 0.35, where the singular and the nonsingular (power corrections) become of comparable size. This indicates we have reached the region where one should use the fixed-order expression. Likewise, for the gluon (right panel) we see the resummation is necessary for almost the entire range that is shown in the figure, and we can transition to fixed-order result at slightly higher values, here θ ∼ 0.38.
For the angle between the WTA and groomed jet axes we need to perform two transitions. The refactorization formula (2.14) is expected to accurately describe the full fixedorder expression in the limit k ⊥ z cut p T R, implying that it will only reproduce the terms proportional to Θ(k ⊥ < z cut p T R) in ∆G. Once we go to values of k ⊥ that are larger than z cut p T R, the fixed-order expression becomes equal to the ungroomed case, where the singular terms still dominate. This explains why in fig. 5 there is a sudden change in the behavior of the power corrections at θ = z cut R, which corresponds to the transition between the theta functions of the fixed order expression. Therefore, we need to switch from the groomed resummed case to the ungroomed resummed result at θ = z cut R. We then proceed to transition from the ungroomed resummed to the fixed order result just as in the case of the angle between the standard and WTA jet axes.
By examining fig. 6 , we notice that the refactorization for the angle between the standard and groomed jet axes is particularly good throughout the whole range of θ. Thus we transition to the fixed-order expression only at the very end, requiring that the cross section vanishes at θ = z cut R.
The predictions for the angle between the standard and WTA axes and the groomed and WTA axes are computed at NLL accuracy. The perturbative QCD scale uncertainties are obtained by varying all scales simultaneously up and down by a factor of 2, by individually varying them by a factor of 2, and then taking the envelope. The angle between the standard and groomed axes is calculated at NLL accuracy. At this accuracy the scale variations give rather large uncertainties which may be up to 50% in some kinematic regions, because there is no (partial) cancellation between the evolution kernels and fixed-order ingredients as the scales are varied. We therefore only show the central curve for this angle. However, the general features of the prediction, such as the angle at which the distribution peaks, do not change much. In order to integrate out the dependence on the soft drop groomed radius R g , we freeze the running of the coupling constant at the scale 0.5 GeV. We explored the dependence of our results on this cutoff scale by varying it by factors of 2 and found that the impact on the final numerical results is very small, especially compared to the QCD scale uncertainty at NLL accuracy.
Nonperturbative effects
For all observables considered in this work, we work in impact parameter b ⊥ space and perform a numerical Fourier inverse transformation. For large b ⊥ , we enter the nonperturbative regime and therefore we adopt the so-called b * -prescription [7] , modifying the scale
Here b max is chosen such that b * avoids the Landau pole for all values of b ⊥ and approaches b ⊥ at low values of b ⊥ . We follow ref. [91] in making the approximation that the dominant nonperturbative hadronization effects are due to the nonperturbative component of the rapidity anomalous dimension, as it is multiplied by a large logarithm of the ratio of the respective rapidity scales of the b ⊥ -dependent collinear(-soft) and soft functions. The all-orders result of the rapidity anomalous dimension is given by
where the non-cusp part γ i f vanishes to the accuracy at which we are working. The choice of µ b as the lower bound of the integral in eq. (6.3) is compensated for by introducing the nonperturbative model function g K , which needs to be determined by a fit to experimental data. For the two variables g 2 , b max ⊥ which parametrize our nonperturbative model, we use the fitted results of ref. [92] where
with b max ⊥ = 1.5 GeV −1 and g 2 (b max ⊥ ) = 0.18. For the gluon case, we include an additional factor of C A /C F in g 2 . Note that this parametrization of g K vanishes in the limit b ⊥ → 0. Other extractions of these or related nonperturbative parameters can be found for example in refs. [39] [40] [41] [42] . For example, for the angle between the standard and the groomed jet axis, we include in regime A the following nonperturbative exponent in b ⊥ space
We note that the nonperturbative component in this case vanishes in the limit β → ∞, which is consistent with the expectation that the the two axes are aligned in the limit that the grooming condition is removed. Similarly in regime B, the nonperturbative component vanishes when θ g = 1 which corresponds to the case where the standard and groomed jet axis are aligned.
Results for the LHC
In this section, we present numerical results for the angles between the different jet axes as introduced in the previous sections. We start with the angle between the standard and the WTA axes, see sec. 3. Throughout this section, we use the CT14 NLO PDF set [93] . In fig. 7 , we show the perturbative results at NLL accuracy including a QCD scale uncertainty band, which is obtained by varying all scales and taking the envelope, as discussed in sec. 6.1 above. We consider inclusive jets in proton-proton collisions at √ s = 13 TeV at central rapidities |η| < 2 where jets are reconstructed using the anti-k T algorithm with R = 0.8. We choose four exemplary jet transverse momentum intervals between p T = 30 − 1200 GeV as indicated in each panel of the figure. As expected, we observe the typical Sudakov suppression for small angles. As the jet p T is increased, the distribution becomes narrower and peaks at small values of θ. For comparison, we also show Pythia 8.2 [94] results at parton level and including Initial State Radiation (ISR), Multi Parton Interactions (MPI) and hadronization effects. Note that the spike seen in the lowest θ bin of the Pythia results at parton level is due to the shower cutoff. Overall, we find very good agreement between our perturbative results and the Pythia 8.2 simulations. Only for the lowest jet transverse momentum bin p T = 30 − 50 GeV, we observe that the Pythia results are not within the displayed uncertainty band. This is the case with the largest contribution from ISR and MPI, which are not (or only partially) contained in our calculation. Note that in this (and subsequent) figures we show results for fairly small angles. To access these experimentally it would be natural to consider track-based measurements, since these have vastly superior angular resolution. On the theory side this could be included in the calculation by using ref. [95] . Figure 11 . Numerical results for the angle between the WTA and the soft drop groomed jet axis with z cut = 0.1 and β = 0 at NLL accuracy. We consider the same kinematics as in fig. 7 and compare to the corresponding Pythia 8.2 results.
We explore ISR, MPI and hadronization in more detail within Pythia 8.2 in fig. 8 , for the two jet transverse momentum intervals p T = 30−50 GeV (left) and p T = 100−200 GeV (right) (corresponding to the upper row in fig. 7 ). All three contributions are sources of additional soft radiation in the jet. The standard jet axis is sensitive to this additional soft radiation whereas the WTA axis is insensitive, leading to the broadening of the distribution seen in the figure. We observe that in the lower p T interval in fig. 8 ISR and MPI are the dominant effects, which are relevant over the entire displayed range of θ. For the higher p T interval, ISR is the most important effect. The correction due to hadronization is only relevant for small values of θ for both p T intervals considered here, in agreement with our model in sec. 6.2.
Next, we investigate differences between quark and gluon jets. We separately show the quark (blue) and gluon (red) distributions in fig. 9 for p T = 100 GeV (dashed) and 200 GeV (dotted). The p T integrated result where we include appropriate quark/gluon fractions is shown by the solid red curve. Gluons radiate more, and therefore the standard and WTA axes are further separated, leading to a broader distribution for gluon jets compared to quark jets.
We now consider the angle between the WTA and the soft drop groomed jet axes. First, we study the impact of soft drop grooming in fig. 10 , choosing the same kinematical setup as in fig. 7 with the jet transverse momentum interval of p T = 100 − 200 GeV Figure 12 . Numerical results for the angle θ between the standard and the soft drop groomed jet axis with z cut = 0.1 and β = 0 at NLL accuracy. We consider the same LHC kinematics as in fig. 7 and compare to the corresponding Pythia 8.2 results.
as a representative example. The ungroomed result is shown for reference. For the soft drop grooming parameters we choose z cut = 0.1 and β = 0, 1, 2 (left panel) and z cut = 0.05, 0.1, 0.2, 0.3 and β = 1 (right panel), and the corresponding curves are shown at NLL accuracy. From the left panel, we observe that the ungroomed result is approached for large values of β, which is expected as the ungroomed result is recovered in the limit β → ∞. Similarly, the right panel shows that for smaller values of z cut the ungroomed result is approximated. We also note that the transition point between the groomed and the ungroomed distribution depends on z cut but it is independent of β. This is consistent with the perturbative results presented in sec. 4 above. In general, we observe that the grooming leads to a distribution that peaks at smaller values of the angle θ. This can be understood in the sense that soft drop grooming removes soft radiation from the jet and therefore the groomed axis and the WTA axis, which is insensitive to soft radiation by construction, are closer in angle than the WTA and the standard jet axis. The size of the peak at small values of θ is enhanced when more aggressive grooming parameters are chosen, i.e. small values of β or large values of z cut .
Next, we show the comparison of our perturbative results to Pythia 8.2 simulations. In fig. 11 , we show the comparison of our perturbative results for z cut = 0.1 and β = 0, including the nonperturbative model as described in sec. 6.2, and the Pythia results at parton level and including ISR, MPI and hadronization. We choose the same kinematics as in fig. 7 . In the highest jet p T bins, the difference between the two calculations is very small and the cross section for the angle between the WTA and the groomed jet axes has a narrow peak at very small values θ 0.01 which implies that the two jet axes almost agree. In the lowest p T bin there is still a small discrepancy between the perturbative results and Pythia due to ISR, MPI and hadronization. We observe that soft drop grooming does not significantly reduce the size of these effects at low p T , compared to the ungroomed case shown in fig. 7 .
Finally, we present numerical results for the angle between the standard and the soft drop groomed jet axes. Our numerical results at NLL accuracy are shown in fig. 12 along with Pythia results, for the same LHC kinematics as in fig. 7 . We integrated out the dependence on the soft drop groomed radius R g , but note that in principle it is possible to directly obtain double differential results from our numerical setup. This may be advantageous if it is experimentally necessary to impose an additional cut on the soft drop groomed radius R g as is sometimes the case for groomed jet substructure observables [62, 64, 66] . Even though this observable is more sensitive to soft physics, the agreement between Pythia and our perturbative results is nevertheless good. We observe that the perturbative results vanish for θ → 0, whereas the Pythia results show a spike in the leftmost bin. In Pythia the spike corresponds to jets where no branch gets groomed away and, hence, the standard and soft drop groomed jet axis are exactly aligned. We note that in general the difference between the two Pythia curves shown in fig. 12 is larger than for the other two angles considered above. This is expected as the angle between the standard and groomed jet axes is very soft sensitive making this observable a promising candidate to tune parton shower event generators.
In fig. 13 , we show the dependence of the angle between the standard and groomed axes on the grooming parameter β for p T = 100 − 200 GeV which corresponds to the upper right panel of fig. 12 . We choose four exemplary β values 0, 1, 3, 4 (different dashing and colors) but the same z cut = 0.1. In the limit β → ∞, the grooming is removed and the ungroomed jet is recovered, which implies that the two jet axes considered here are aligned. This manifests itself in our numerical results by the fact that the curves shown in fig. 13 eventually approach a delta function at θ = 0 for large values of β. Note that we obtain the correct limit numerically because the nonperturbative exponent in b ⊥ space approximates unity for β → ∞ (regime A), see the discussion in sec. 6.2. Similarly, we consider four different values of z cut , suggesting that in the limit z cut → 0 the distribution also approaches a delta function, even though our formalism is strictly speaking not valid in this limit.
Conclusions
In this work we presented a first calculation of the angles between different jet axes. We considered three different jet axes: The standard jet axis, the soft drop groomed jet axis and the jet axis using a winner-take-all recombination scheme. Our studies were motivated by the different soft sensitivity of these different jet axes. The winner-take-all scheme yields a jet axis which is insensitive to soft radiation at leading power and also the soft drop groomed jet axis has a reduced sensitivity to soft physics compared to the standard jet axis. By considering the angles between different axes, the soft radiation pattern inside reconstructed jets can be studied. Within Soft Collinear Effective Theory, we performed calculations at next-to-leading logarithmic (NLL or NLL) accuracy, where large logarithms of the angle between the the standard and groomed vs. the winner-take-all axes are resummed to all orders, including the contribution of non-global logarithms in the leading color approximation. We presented numerical results for relevant LHC kinematics at √ s = 13 TeV and compared our results to Pythia 8.2 simulations. Overall we found very good agreement except for jets with very low jet transverse momentum, where different nonperturbative and power-suppressed effects play an important role.
The angle between the standard and soft drop groomed jet axes is particularly soft sensitive, as it is a measure of the radiation which is groomed away by the soft drop algorithm. The corresponding factorization theorem depends on the soft drop groomed jet radius R g . We resummed large logarithms of both the angle between the jet axes and the groomed radius R g , integrating over R g after the resummation is performed to obtain a distribution for the angle between the axes. The all-order structure of non-global logarithms for this observable is nontrivial, limiting the accuracy of our calculation in this case. The soft sensitivity of the angle between the standard and groomed jet axis makes this observable very well suited to tune parton shower event generators.
We included nonperturbative effects in impact parameter space by introducing a model function, which is related to the nonperturbative component of the rapidity anomalous dimension relevant for transverse momentum resummation. This was crucial to obtain a sensible β-dependence for the angle between the standard and groomed jet axis. Therefore, the observables considered here can provide important constraints on this universal nonperturbative quantity.
We expect that the observables considered here will have important applications in proton-proton as well as heavy-ion collisions at the LHC and RHIC. In addition to the aforementioned tuning of parton shower Monte Carlo programs, or studying the nonpertur-bative contribution to the rapidity anomalous dimension, it could provide valuable insight into the effect of the medium in heavy ion collisions. Furthermore, for jets with a large radius parameter, these axes could be sensitive to the color flow of a collision, similar to the pull [20, 96] . As we noted, a measurement using charged particle tracks would be necessary to access the small angles we consider. Thus, another future direction is to directly incorporate the effect of a track-based measurement in our calculations.
